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Abstract
We present a set of formulae to extract the gluon distribution function from
the deep inelastic structure function F
2





x in the leading and next-to-leading order of perturbation theory. The detailed
analysis is given for new HERA data. The values of the gluon distribution are
found in the range 10
 4










The knowledge of the DIS structure functions at small values of the Bjorken scaling
variable x is interesting for understanding the inner structure of hadrons. Of great rele-
vance is the determination of the gluon density at low x, where gluons are expected to be
dominant, because it could be a test of perturbative QCD or a probe of new eects, and
also because it is the basic ingredient in many other calculations of dierent high energy
hadronic processes.
Recently two experiments working in the electron-proton collider HERA at DESY (H1
and ZEUS) have published new data on the structure function F
2
[1], [2]. Up to now all
the analysis performed of these data [3] - [5] found that the gluon distribution rises steeply
towards low x (in the moderate Q
2
range of the measurements). This behaviour has been
recently connected within the DGLAP evolution equations [6] with the less singular are
found at lower values of Q
2
by NMC and E665 experiments.
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dependent parameters in the r.h.s..
Note that the behaviour of Eq. (1) with a Q
2





the DGLAP equation when x
 
 1 (see, for example, [8] - [10]). If (Q
2
0






(see [11], [12], [6]) , then the behaviour p(x;Q
2
)  Const (p = (s; g))
is not compatible with DGLAP equation and a more singular behaviour is generated. If


















Without any restriction the double-logarithmical behaviour, i.e.
p(x;Q
2



































































Because we would like to get formulae to extract the gluon distribution from exper-
imental data without theoretical restrictions, we will consider both, the Regge-like be-
haviour of Eq. (1) if x
 





We use PDF multiplied by x (s = xS and g = xG) and neglect the nonsinglet quark distribution at
small x
1
In this work we present a simple relation between the gluon and F
2
which permits the
extraction of the gluon directly from data with a NLO precision in perturbative QCD. This
kind of formulae (see also the NLO result of ref. [16] which depends on an unknown phe-
nomenological function) are useful as an alternative to the most complex analysis involved
in global QCD ts. At low x the coupled integro-dierential equations can be converted
in more simple linear relations between parton densities and structure functions
4
. The
method to arrive to the solution presented below is based in the replacement of the Mellin
convolution by ordinary products developed in ref. [15] that was already applied in the
derivation of the leading order (LO) formula in ref. [17] and the NLO result at  = 1=2
in ref. [18].





















we obtain the following equation for the Q
2




























































) of the  "moment"










































































is the sum of squares of quark charges.
For the gluon part from r.h.s of Eq.(3) with accuracy of O(x
2
























, have opposite signs. However, within accuracy O(x
2
),
it may be represented as a sum of two terms like Eq.(5), with a shift of some coecients


















and its derivative and also for the extraction
of gluons from F
L
(see the at LO refs.[13] and [14] and at NLO refs. [7] and [15], respectively)
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). Putting formally A = 1
7
, one arrives to the nal general formula to
extract g(x;Q
2










































), one can replace 
sg












































n = 1 and n = 0, and their presence into the arguments of ~p(x;Q
2
) makes the numerical
agreement between this approximate formula and the exact calculation worse (we have
checked this point using some MRS sets of parton distributions).
Using NLO approximation of r
1+
sp































































































































In the case of replacement Mellin convolution by ordinary product these singularities transform to







































Any equation from above formulae (10) may be used, because there is a strong cance-
lation between the shifts in the arguments of the function F
2
and its derivative and the
shifts in the coecients in front of them.
For concrete values of  = 0:5 (see also [18]) and  = 0:3 we obtain (for f=4 and MS
scheme):































































































































































































































































we obtain the following equation for the Q
2



















































() can be obtained from corresponding functions r
1+
sp
() replacing the singular


















































The singular term appears only in the NLO part of the AD 
(1);1+
sp
in Eq. (4). The





































We restrict here our calculations to O(x) because at O(x
2














































in front of the function F
2
and its derivative. This factor complicates very much the nal
formulae.
Repeating the analysis of the previous section step by step using the replacement (19),


















































3. In the case x
 
 Const our formula (12) at accuracy O(x
1 
) coincides with




























































Using a lower approximation O(x) is not very exact, because in this case F
2
and the gluon distribution







, which is determined by
boundary conditions (see discussion in Ref.[12]). We will not consider the appearance of this factor in
our analysis
5





). Both formulae, ((21) and one from [16]), are similar to ours
in the NLO case, too. Certainly, the value  = 1 lies outside the more standard predicted
range 0    1=2, however in the case of large  ( > 0:25) the nal formula (10) depends
very slowly from the concrete value of . This is due to the strong cancelation between
the shifts in the arguments and in the coecients in front of the functions.
















































































In the cases x
 

























MRS(G) (=0.3) as three representative densities (see ref. [5] and references therein). It
can be observed in Fig. 1a that using the formula with  = 0:5 one gets the best agreement
with the input parameterization (less than 1 %) in the case of MRS(D
 
) set; for MRS(G)
the reconstruction is still good (less than 10 %), but for MRS(D
0
) the deviation reach a
30 % at low x.
In Fig. 1b the degree of accuracy of the reconstruction formula with  = 0:3 can be
observed. Here one should expect the set MRS (G) to give also a very good ( 1% level)
agreement, however this is not the case because set (G) distinguishes the exponents of the
sea-quark part 
s
 0 from the gluon density ( = 0:3). Thus, Eq. (12) might be slightly
modied to treat this case.
Figs. 1c and 1d deal with the case  = 0. As in Fig. 1a, one can observe a very good
accuracy in the reconstruction when Q
2
0
coincides with that of the test parameterization
(4 GeV
2
for MRS set). Notice also the lost of accuracy at high x due to the importance
of the O(x) terms neglected in Eq. (16)
With the help of Eq. (14) we have extracted the gluon distribution from HERA data,




determined in ref. [3] and ref. [4]. When H1 data are used
the value of F
2
in Eq. (14) was directly taken from the parameterization given by H1 in
ref. [1]. With ZEUS data we substitute directly the F
2
values presented in table 1 of their
ref. [4]. We have checked that the use of the H1 parameterization for F
2
when dealing




Figures 2a and 2b shows the extracted values of the gluon distribution. It can be ob-
served that the agreement within the errors between the bands, generated from a global
t to data, the parameterization MRS(G), and the extracted points is excellent.
5. In conclusion, a set of new formulae connecting the gluon density with F
2
at low x
have been presented. They work fairly well for singular type gluons (  0:5   0:3) and
for the non-singular case (  0). We have reproduced previous results of Prytz [16] using
 = 1, and of Ellis-Kunszt-Levin [10] with accuracy O(x
1 
).
We have found that for singular type of gluons the results do not depend practically
on the concrete value of the slope : there is a cancelation between the changes in the
arguments and in coecients in front of the functions. However, when  ! 0 the co-















. Consequently, before to apply these formulae, some t (maybe quite crude)
of experimental data is necessary to verify the type of F
2
(x) asymptotic at x! 0.
The formulae were used to generate the gluon distribution that agree with the rise
observed by H1 and ZEUS experiments. Further work is in progress in order to obtain
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Figure captions
Figure 1: Relative dierence between the reconstructed gluon distribution using formulae
in text and dierent input parameterizations
Figure 2: The gluon density. The points were extracted from Eq. (14) using H1 (Fig. 2a)
and ZEUS (Fig. 2b) data. The dashed curves shows the limits of the error band taken
from Fig. 3a of paper [3] and Fig. 4 in ref. [4] which represents the uncertainty from a
NLO t. Solid line is the gluon density from set MRS(G) [5]
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